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Abstract
We prove the existence of nontrivial critical points for a class of superquadratic nonautonomous second-
order Hamiltonian systems by applying condition (C)∗ to critical point theory, and some new solvability
conditions of nontrivial periodic solutions are obtained.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Consider the second-order systems
−u¨(t) = ∇F (t, u(t)) a.e. t ∈ [0, T ],
u(0) − u(T ) = u˙(0) − u˙(t) = 0, (1)
where T > 0 and F : R × RN → R is T -periodic in its first variable and satisfies the following
assumption:
(A) F (t, x) is measurable in t for all x ∈ RN , continuously differentiable in x for a.e. t ∈ [0, T ],
and there exist a ∈ C(R+,R+) and b ∈ L+(0, T ;R+) such that
* Corresponding author.
E-mail address: tzl223@sina.com (Z.-L. Tao).0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.08.041
Z.-L. Tao et al. / J. Math. Anal. Appl. 331 (2007) 152–158 153∣∣F(t, x)∣∣ a(|x|)b(t), ∣∣∇F(t, x)∣∣ a(|x|)b(t)
for all x ∈ RN and a.e. t ∈ [0, T ].
The existence of periodic solutions for system (1) in [1–3] have been studied under the usual
superquadratic condition: there exist μ > 2 and l0 > 0 such that for all |x| l0 and t ∈ [0, T ],
0 < μF(t, x)
(∇F(t, x), x).
While in [4], under the other superquadratic condition: there is μ > 0 such that
lim inf|x|→∞
(∇F(t, x), x) − 2F(t, x)
|x|μ > 0 uniformly for a.e. t ∈ [0, T ], (2)
existence of nontrivial critical points of system (1) was proved too, the proof depended on con-
dition (C) and the following condition:
F(t, x) 0, ∀(t, x) ∈ [0, T ] × RN. (3)
Inspired by [2], in this paper, we change condition (3) into the following local linking condition.
For some l > 0,
F(t, x) 0 (or 0), ∀|x| l and a.e. t ∈ [0, T ].
We obtain that for system (1) exist nontrivial critical points for functions which are super-
quadratic as (2), and the proof depends on the condition (C∗) in [5]. Our main result is the
following theorem.
Theorem 1. Suppose F satisfies condition (A) and the following conditions:
lim|x|→0
2F(t, x)
|x|2 = 0 uniformly for a.e. t ∈ [0, T ], (4)
lim inf|x|→∞
F(t, x)
|x|2 = +∞ uniformly for a.e. t ∈ [0, T ]. (5)
There exist L > 0 , r > 2 and μ > r − 2 such that
F(t, x) 0, ∀|x| L and t ∈ [0, T ], (6)
lim sup
|x|→∞
F(t, x)
|x|r < ∞ uniformly for a.e. t ∈ [0, T ], (7)
lim inf|x|→∞
(∇F(t, x), x) − 2F(t, x)
|x|μ > 0 uniformly for a.e. t ∈ [0, T ]. (8)
Then system (1) has at least one nontrivial T -periodic solution.
Remark 1. Obviously, Theorem 1 generalizes Theorem 1.2 in [6]. Moreover, there are func-
tions F satisfying our Theorem 1 and not satisfying the corresponding results in [1–7]. For
example, let
F(t, x) =
(
1 + sin2
(
2πt
T
))
|x|2
(
ln
(
1
6
|x|4 − |x|3 + 1
2
|x|2 + 1
))3
,
where x ∈ RN and t ∈ [0, T ].
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It is well known that u is a T -periodic solution of system (1) if and only if u is a critical point
in X of function ϕ, where
X =
{
u : [0, T ] → RN
∣∣∣∣ u is absolutely continuous,u(0) = u(T ) and u˙ ∈ L2(0, T ;RN)
}
is a Hilbert space with the norm
‖u‖ =
( T∫
0
|u|2 dt +
T∫
0
|u˙|2 dt
) 1
2
for u ∈ X,
and
ϕ(u) = 1
2
T∫
0
|u˙|2 dt −
T∫
0
F(t, u) dt for u ∈ X.
It follows from Theorem 1.4 in [8] that ϕ ∈ C1(X,R) and
(
ϕ′(u), v
)=
T∫
0
(u˙, v˙) dt −
T∫
0
(∇F(t, u), v)dt for u,v ∈ X,
where (·,·) and | · | are the usual inner product and norm of RN . By Proposition 1.1 in [8], we
know there exists a constant c0 > 0 such that
‖u‖∞  max
t∈[0,T ]
∣∣u(t)∣∣ c0‖u‖ (9)
for every u ∈ X. Let X1 = {u ∈ X: ∫ T0 udt = 0}. It is easy to known that X1 is a subset of X,
and X = X1 ⊕ X2, where X2 = RN . It follows from Proposition 1.3 in [8] that
T∫
0
|u|2 dt  T
2
4π2
T∫
0
|u˙|2 dt for every u ∈ X1. (10)
By the Sobolev embed theorem, there is θ1 > 0, for all u ∈ X, we have
‖u‖L∞  θ1‖u‖. (11)
In order to prove our theorems, we need the following results.
Lemma 1. Suppose (A), (7) and (8) hold. Then function ϕ satisfies condition (C)∗, i.e., for
every sequence {uαn} ⊂ Xαn , {uαn} has a convergent subsequence if ϕ(uαn) is bounded and
(1 + ‖uαn‖)‖ϕ′(uαn)‖ → 0 as n → ∞, where Xαn = X1αn ⊕ X2, X1αn = span{e0, e1, . . . , en} and
(ei)i0 is a Hilbertian basis for X1.
Proof. Suppose {uαn} ⊂ Xαn , ϕ(uαn) is bounded and (1 + ‖uαn‖)‖ϕ′(uαn)‖ → 0 as n → ∞,
then there exists a constant M > 0 such that∣∣ϕ(uαn)∣∣M, (1 + ‖uαn‖)∥∥ϕ′(uαn)∥∥M (12)
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F(t, x) c|x|r for all |x| δ1 and a.e. t ∈ [0, T ].
It follows from (A), we obtain that∣∣F(t, x)∣∣ max
s∈[0,δ1]
a(s)b(t) for all |x| δ1 and a.e. t ∈ [0, T ].
So for all x ∈ RN and a.e. t ∈ [0, T ], one has
F(t, x) max
s∈[0,δ1]
a(s)b(t) + c|x|r . (13)
It follows from (12), (13) and Hölder inequality that
1
2
‖uαn‖2 = ϕ(uαn) +
T∫
0
F(t, uαn) dt +
1
2
T∫
0
|uαn |2 dt
M + c1 + c
T∫
0
|uαn |r dt +
1
2
T∫
0
|uαn |2 dt
M + c1 + c
T∫
0
|uαn |r dt +
1
2
T
r−2
r
( T∫
0
|uαn |r dt
) 2
r
, (14)
where c1 = maxs∈[0,δ1] a(s)
∫ T
0 b(t) dt. On the other hand, by (8), there are constants c2 > 0 and
δ2 > 0 such that(∇F(t, x), x)− 2F(t, x) c2|x|μ > 0 for all |x| δ2 and a.e. t ∈ [0, T ].
By (A), one has∣∣(∇F(t, x), x)− 2F(t, x)∣∣ c3b(t) for every |x| δ2 and a.e. t ∈ [0, T ],
where c3 = (2 + δ2)max0sδ2 a(s). Hence we obtain that(∇F(t, x), x)− 2F(t, x) c2|x|μ − c2δμ2 − c3b(t)
for all x ∈ RN and a.e. t ∈ [0, T ]. Then we have
3M  2ϕ(uαn) −
(
ϕ′(uαn), uαn
)
=
T∫
0
(∇F(t, uαn), uαn)− 2F(t, uαn) dt
 c2
T∫
0
|uαn |μ dt − T c2δμ2 − c3
T∫
0
b(t) dt.
So
∫ T
0 |uαn |μ dt is bounded. If μ r , by (14) and Hölder inequality
T∫
|uαn |r dt  T
μ−r
μ
( T∫
|uαn |μ dt
) r
μ
,0 0
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T∫
0
|uαn |r dt =
T∫
0
|uαn |r−μ · |uαn |μ dt  ‖uαn‖r−μ∞
T∫
0
|uαn |μ dt
 cr−μ0 ‖uαn‖r−μ
T∫
0
|uαn |μ dt.
Thus by (14) and r − μ < 2, we know that ‖uαn‖ is bounded too. Hence ‖uαn‖ is bounded. In
a similar way to Proposition 4.3 in [8], we can prove that {uαn} has a convergent subsequence.
Hence ϕ satisfies condition (C)∗.
Lemma 2. Suppose that ϕ ∈ C1(X,R) satisfies the following assumptions:
(A1) ϕ has a local linking [2] at 0 and X1 = {0}.
(A2) ϕ satisfies (C)∗ condition.
(A3) ϕ maps bounded sets into bounded sets.
(A4) For every m ∈ N , ϕ(u) → −∞, |u| → ∞, u ∈ X1m ⊕ X2.
Then ϕ has at least two critical points.
We omit the proof of Lemma 2 (for details cf. [3]), now give the proof of the main result.
Proof of Theorem 1. According the conclusion of [9], we know, under the conditions of The-
orem 1, ϕ maps bounded set into bounded set, thus condition (A3) of Lemma 2 holds. And by
Lemma 1, condition (A2) holds too, so we only need to prove (A1) and (A4) of Lemma 2.
Firstly, to prove (A1) of Lemma 2. By condition (4), for 0 < ε < 2π
2
T 2
, there exists a constant
δ3 > 0, for all |x| δ3 and a.e. t ∈ [0, T ], such that
F(t, x) ε|x|2.
Thus based on (10), (11) for all u ∈ X1 and ‖u‖ δ3
θ1
, i.e., |u| δ3, one has
ϕ(u) = 1
2
T∫
0
|u˙|2 dt −
T∫
0
F(t, u) dt
 1
2
T∫
0
|u˙|2 dt − ε
T∫
0
|u|2 dt

(
1
2
− εT
2
4π2
) T∫
0
|u˙|2 dt  0.
By condition (6), there exists a constant 0 < δ4, for all u ∈ X2 and |u| δ4, we have
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2
T∫
0
|u˙|2 dt −
T∫
0
F(t, u) dt
= −
T∫
0
F(t, u) dt  0.
So ϕ has a local linking at 0. Condition (A2) of Lemma 2 is proved.
Secondly, to prove (A4) of Lemma 2. By conditions (5) and (6), there exist enough large
constants M1 > 0, M2 > 0, for all (t, x) ∈ [0, T ] × RN , we have
F(t, x)M1|x|2 − M2.
So for all u ∈ X1m ⊕ X2, one has
ϕ(u) = 1
2
T∫
0
|u˙|2 dt −
T∫
0
F(t, u) dt
 1
2
T∫
0
|u˙|2 dt − M1
T∫
0
|u|2 dt + T M2
 1
2
‖u‖2 − M1‖u‖2L2 + T M2.
We know dim(X1m ⊕ X2) is finite, then there exist constants c4 > 0 and c5 > 0, such that
c4‖u‖ ‖u‖L2  c5‖u‖.
Thus we have
ϕ(u)
(
1
2
− c4M1
)
‖u‖2 + T M2.
Being M1 is large enough, hence
ϕ(u) → −∞ as ‖u‖ → −∞.
(A4) is proved. So system (1) has at least one nontrivial T -periodic solution. 
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